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COMPLEMENTED COPIES OF ℓ1 IN SPACES OF
VECTOR MEASURES AND APPLICATIONS
NARCISSE RANDRIANANTOANINA
Abstract. Let X be a Banach space and (Ω,Σ) be a measure
space. We provide a characterization of sequences in the space of
X-valued countably additive measures on (Ω,Σ) of bounded vari-
ation that generates complemented copies of ℓ1. As application,
we prove that if a dual Banach space E∗ has Pe lczyn´ski’s property
(V*) then so does the space of E∗-valued countably additive mea-
sures with the variation norm. Another application, we show that
for a Banach space X , the space ℓ∞(X) contains a complemented
copy of ℓ1 if and only if X contains all ℓ
n
1
uniformly complemented.
1. Introduction
Let X be a Banach space and (Ω,Σ) be a measure space. We denote
by M(Ω, X) the space of X-valued countably additive measures on
(Ω,Σ) that are of bounded variation with the usual total variation
norm. If E and F are Banach spaces, we denote by E⊗̂πF (resp.
E⊗̂εF ) the projective (resp. injective) tensor product of E and F . We
will say that a sequence (xn)n is equivalent to a complemented copy
of ℓ1 in X if (xn)n is equivalent to the unit vector basis of ℓ1 and its
closed linear span is complemented in X .
In [12] characterization of sequences that are equivalent to comple-
mented copy of ℓ1 in Bochner spaces were given. In this paper we will
extend the characterization of [12] for the space M(Ω, X). When X
does not have the Radon-Nikodym property one cannot hope to rep-
resent a measure by its Bochner derivative, but we can always have
a weak*-density valued in X∗∗. That is the approach we will take to
characterize sequences in M(Ω, X) that generates complemented copy
of ℓ1. This approach was used by Talagrand in [19] to reduce the study
of spaces of vector measures to that of vector valued function spaces.
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Our main result can be viewed as a common generalization of Theo-
rem 1 of [12] and Theorem 15 of [19]. We show that if (en)n denotes
the unit vector basis of c0 and (mn)n a sequence inM(Ω, X) then there
exists a sequence Gn ∈ conv{mn, mn+1, . . . } such that ρ(Gn)(ω)⊗ en)n
is either weakly Cauchy or equivalent to the ℓ1 basis in X
∗∗⊗̂πc0 (here
ρ(Gn)(·) denoted a weak*-density of Gn that will be described below).
We then use this result to test whether a given sequence (mn)n in
M(Ω, X) contains a subsequence equivalent to a complemented copy
of ℓ1 or not.
In Section 2, we set some preliminary background about the space
M(Ω, X). In particular, we extend the characterization of the dual of
M(Ω, X) given by Talagrand in [19] to characterization of operators
from M(Ω, X) into ℓ1.
Section 3 is devoted to the proof of our main theorem about the
characterization of sequences inM(Ω, X) that generates complemented
copy of ℓ1.
In Section 4 and Section 5, we apply the main theorem to study
Pe lczyn´ski’s property (V*) for M(Ω, X) and complemented copies of
ℓ1 in ℓ∞(X) and L
∞(λ,X). We proved that if X is a dual space then
M(Ω, X) has property (V*) whenever X does. Using the structure of
spaces of vector measures, we were able to characterize Banach spaces
X so that ℓ∞(X) contains complemented copy of ℓ1. This problem was
raised in [16] (P. 389) (see also [9] Problem 1). Diaz proved in [2] that
if X is a Banach lattice then ℓ∞(X) contains complemented copy of ℓ1
if and only if X contains all ℓn1 uniformly complemented. We obtained
that similar characterization holds without the lattice assumption.
Unexplained notation and terminology can be found in the books [3]
and [20].
2. Preliminaries
Let (Ω,Σ) be a measure space and X a Banach space. For m ∈
M(Ω, X), we denote by |m| its variation. Let λ be a probability mea-
sure on Ω with |m| ≤ λ and consider ρ a lifting of L∞(λ) [7]. For each
x∗ ∈ X∗, the scalar measure x∗◦m has density (d/dλ)(x∗◦m) ∈ L∞(λ).
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We define ρ(m)(ω) to be the element in X∗∗ defined by
ρ(m)(ω) = ρ
(
d
dλ
(x∗ ◦m)
)
(ω) .
It is known that x∗(m(A)) =
∫
A〈ρ(m)(ω), x
∗〉 dλ(ω) for each measur-
able subset A of Ω and each x∗ ∈ X∗. Similarly, it can be shown
that
|m|(A) =
∫
A
‖ρ(m)(ω)‖ dλ(ω) for every A ∈ Σ .
In the case X = E∗ is a dual space, ρ(m)(ω) will be the element of X
defined by
ρ(m)(ω)(y) = ρ
(
d
dλ
(y ◦m)
)
(ω) for every y ∈ E .
Let us denote by τ the product on (X∗∗1 )
N of the weak*-topology. It
was observed in [19] that if (mn)n is a sequence in M(Ω, X) such that
|mn| ≤ λ for every n ∈ N then the map θ : Ω→ (X
∗∗
1 )
N defined by
θ(ω) = (ρ(mn)(ω))n≥1 is τ -Borel measurable.
For a Banach space X and a compact Hausdorff space Ω, we denote
by C(Ω, X) the space of allX-valued continuous functions with domain
Ω. It is a well known fact that C(Ω, X)∗ is isometrically isomorphic to
M(Ω, X∗). This fact will be used in the sequel.
We also need some duality results between spaces of operators and
tensor products. LetX and Y be Banach spaces. The space of bounded
operators from X into Y will be denoted by L(X, Y ); N(X, Y ) will
stand for the space of nuclear operators from X into Y and I(X, Y )
will denote the space of integral operators from X into Y . We refer to
[4] and [20] for basic properties of these spaces. The following identifi-
cations will be used throughout this paper; for what follows the symbol
≈ means isometrically isomorphic.
Proposition 2.1. For Banach spaces X and Y ,
(i) X∗⊗̂πY ≈ N(X, Y );
(ii) (X⊗̂πY )
∗ ≈ L(X, Y ∗);
(iii) (X⊗̂εY )
∗ ≈ I(X, Y ∗).
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As in [12], the notation X1 will be used for the closed unit ball of a
given Banach space X ; and finally, to avoid confusion, we will denote
by (en)n the unit vector basis of c0 while those of ℓ1 will be denoted by
(e∗n)n.
Following the approach of [19], we will study bounded operators from
M(Ω, X) into ℓ1.
Lemma 2.2. Let X be a Banach space and S = {S∗, S ∈ L(c0, X)1}.
Then S is weak*-dense in L(X∗, ℓ1)1.
Proof. If we denote by πn : ℓ1 → ℓ
n
1 the canonical projection then for
every operator T ∈ L(X∗, ℓ1), the sequence (πn ◦ T )n∈N converges to
T for the strong operator topology so
⋃
n≥1L(X
∗, ℓn1 )1 is weak*-dense
in L(X∗, ℓ1)1. If we denote by Sn = {S
∗, S ∈ L(ℓn∞, X)1} then it is
enough to show that Sn is weak*-dense in L(X
∗, ℓn1 )1. To see this notice
that K(ℓn∞, X)
∗∗ = L(ℓn∞, X
∗∗). Let T be an element of L(X∗, ℓn1 )1;
T ∗ ∈ L(ℓn∞, X
∗∗)1 so the exists a net (Sα)α of elements of L(ℓ
n
∞, X)1
that converges to T ∗ for the weak*-topology in L(ℓn∞, X
∗∗)1 and it is
now easy to check that (S∗α)α converges to T for the weak*-topology in
L(X∗, ℓn1 )1. The lemma is proved.
Let B be a subset of L(M(Ω, X), ℓ1)1 defined as follows:
T ∈ B if and only if there exists a finite partition Ω1,Ω2, . . . ,Ωn of
Ω and t1, t2, . . . , tn ∈ L(X, ℓ1)1 such that ∀ m ∈M(Ω, X)
T (m) =
n∑
i=1
ti(m(Ωi)) ∈ ℓ1 .
Clearly B is a subset of L(M(Ω, X), ℓ1)1 and is convex.
Lemma 2.3. The set B is weak*-dense in L(M(Ω, X), ℓ1)1.
Proof. To see the lemma, note that from [19] p.719, if E is a Banach
space and A is the subset of M(Ω, E)∗ defined by ϕ ∈ A if and only if
there exist a finite measurable partition Ω1, . . . ,Ωn of Ω and x
∗
1, . . . , x
∗
n
in E∗1 such that ϕ(m) =
∑n
i=1 x
∗
i (m(Ωi)) then A is weak*-dense in the
unit ball ofM(Ω, E)∗1. As above, since
⋃
n≥1 L(M(Ω, X), ℓ
n
1 )1 is dense in
L(M(Ω, X), ℓ1)1 for the strong operator topology, it is enough to check
that for each n ≥ 1, L(M(Ω, X), ℓn1 )1 ⊂ B
weak*
. Notice also that if T ∈
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L(M(Ω, X), ℓ1)1 and there exist measurable partition Ω1,Ω2, . . . ,Ωk of
Ω and t1, t2, . . . , tk in L(X, ℓ1) such that T (m) =
∑
i≤k ti (m(Ωi)) for all
m ∈M(Ω, X), then ‖ti‖ ≤ 1 for all i ≤ k.
For each n ∈ N, we have L(M(Ω, X), ℓn1 ) ≈ (M(Ω, X)⊗̂πℓ
n
∞)
∗. We
claim that the space M(Ω, X)⊗̂πℓ
n
∞ is isomorphic to M(Ω, X⊗̂πℓ
n
∞).
To see this notice that every element u of M(Ω, X)⊗̂πℓ
n
∞ has a unique
representation u =
∑n
i=1mi ⊗ ei. Consider the following map J :
M(Ω, X)⊗̂πℓ
n
∞ →M(Ω, X⊗̂πℓ
n
∞) defined by J(
∑n
i=1mi⊗ei) =
∑n
i=1mi(·)⊗
ei. The operator J is well defined, ‖J‖ ≤ 1 and it is immediate that
J is one to one and onto. So J∗ : M(Ω, X⊗̂πℓ
n
∞)
∗ → L(M(Ω, X), ℓn1)
is also one to one and onto. There exists a constant C such that
C.J∗
(
(M(Ω, X)⊗̂πℓ
n
∞)
∗
1
)
contains L(M(Ω, X), ℓn1)1. Define A as above
(E = X⊗̂πℓ
n
∞). Since A is weak* dense in M(Ω, X⊗̂πℓ
n
∞)
∗
1, the set
C.J∗(A)∩L(M(Ω, X), ℓn1 )1 is weak* dense in the space L(M(Ω, X), ℓ
n
1 )1.
We conlude the proof of the lemma by noticing that C.J∗(A)∩L(M(Ω, X), ℓn1 )1
is contained in B. The lemma is proved.
Let λ be a probability measure on Ω with |m| ≤ λ. We define a map
Z(·, m) in B as follows:
Z(·, m) : B → L∞(λ, ℓ1)
with if ϕ ∈ B is defined by the finite measurable partition (Ω1, . . . ,Ωn)
of Ω and t1, . . . , tn ∈ L(X, ℓ1)1,
Z(ϕ,m) =
∑
i≤n
d(ti ◦m)
dλ
χ
Ωi .
Notice that since ℓ1 has the RNP, the measure ti ◦ m has Bochner
density with respect to λ, hence d(ti ◦ m)/dλ exists and belongs to
L∞(λ, ℓ1). Also for every measurable subset C of Ω,
Bochner-
∫
C
Z(ϕ,m) dλ = ϕ(mC) (1)
where mC(A) = m(A ∩ C) for every A ∈ Σ. In particular
Bochner-
∫
Ω
Z(ϕ,m) dλ = ϕ(m) .
Note that L∞(λ, ℓ1) is the dual of L
1(λ, c0). Let (ϕα)α ∈ B such that
for every E ∈ M(Ω, X)⊗̂πc0, limα〈ϕα, E〉 exists. For every C ∈ Σ and
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u ∈ c0, ∫
C
〈Z(ϕα, m), u〉 dλ = 〈ϕα(mC), u〉
= 〈ϕα, mC ⊗ u〉
= 〈Z(ϕα, m), uχC〉
so for any simple function f in L1(λ, c0), limα〈Z(ϕα, m), f〉 exists and
since simple functions are dense in L1(λ, c0), we conclude that the map
Z(·, m) is weak*- uniformly continuous. Hence it has a continuous
extension still denoted by ϕ 7→ Z(ϕ,m) from L(M(Ω, X), ℓ1)1 into
L∞(λ, ℓ1). Equation (1) is still valid for every ϕ ∈ L(M(Ω, X), ℓ1)1.
Proposition 2.4. Let ϕ ∈ L(M(Ω, X), ℓ1)1 and (mn)n be a sequence
in M(Ω, X) with |mn| ≤ λ for every n ∈ N. There exists a count-
able subset D of the unit ball of L(X∗∗, ℓ1) and a map ω 7→ T (ω) ∈
D
σ(L(X∗∗,ℓ1),X∗⊗̂pic0) so that for every n ∈ N,
Z(ϕ,mn)(ω) = T (ω)(ρ(mn)(ω))a.e.
Proof. Here we adopt the methods used in [19] and [14] (Lemma 1).
Recall that (ej)j denotes the unit vector basis of c0. For each j ∈ N
and m ∈M(Ω, X), |m| ≤ λ, we define
Zj(·, m) : L(M(Ω, X), ℓ1)1 → L
1(λ)
by Zj(ϕ,m)(ω) = 〈Z(ϕ,m)(ω), ej〉 a.e.
The map Zj(ϕ,m) takes every ϕ ∈ L(M(Ω, X), ℓ1)1 into L
∞(λ) and
since in the unit ball of L∞(λ), the topologies σ(L∞, L1) and σ(L1, L∞)
coincide, the map Zj(·, m) is weak* to weakly continuous.
For each p ∈ N, define
Z(p) : L(M(Ω, X), ℓ1)1 −→ (L
1(λ))2p
ϕ↼→ (Zj(ϕ,mn))n≤p
j≤p
Same as above, Z(p) is weak* to weakly continuous. Since B is weak*
dense in L(M(Ω, X), ℓ1)1, we can choose an operator ϕp ∈ B such that
‖Z(p)(ϕp)− Z
(p)(ϕ)‖ ≤ 2−p
so
sup {‖Zj(ϕp, mn)− Zj(ϕ,mn)‖1, n ≤ p, j ≤ p} ≤ 2
−p .
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Hence for each n ∈ N and j ∈ N
lim
p→∞
〈Z(ϕp, mn)(ω), ej〉 = 〈Z(ϕ,mn)(ω), ej〉
a.e. and we deduce that for a.e. ω,
weak*- lim
p→∞
Z(ϕp, mn)(ω) = Z(ϕ,mn)(ω) ∀ n ∈ N .
For each p ∈ N, let ϕp(m) =
∑
i≤kp Ti,p(m(Ωi,p)) where Ti,p ∈ L(X, ℓ1)1
and (Ωi,p)i≤kp is a measurable partition of Ω. Let J : c0 → ℓ
∞ be the
natural inclusion. We need the following lemma:
Lemma 2.5. Let T ∈ L(X, ℓ1) and m ∈ M(Ω, X) with |m| ≤ λ.
The Bochner density of the measure T ◦ m ∈ M(Ω, ℓ1) is given by
ω 7→ J∗ ◦ T ∗∗(ρ(m)(ω)).
To see the lemma, notice that for every u ∈ c0, the scalar valued map
given by ω → 〈J∗◦T ∗∗(ρ(m)(ω)), u〉 is measurable. In fact, for each ω ∈
Ω, 〈J∗ ◦ T ∗∗(ρ(m)(ω)), u〉 = 〈ρ(m)(ω), T ∗Ju〉 and since T ∗(Ju) ∈ X∗,
the function J∗ ◦ T ∗∗(ρ(m)(·)) is weak*-scalarly measurable and since
ℓ1 is a separable dual, J
∗ ◦T ∗∗(ρ(m)(·)) is norm-measurable. Moreover
for every A ∈ Σ and u ∈ c0,〈 ∫
A
J∗ ◦ T ∗(ρ(m)(ω)) dλ(ω), u
〉
=
∫
A
〈ρ(m)(ω), T ∗Ju〉 dλ(ω)
= 〈m(A), T ∗Ju〉 = 〈T ◦m(A), Ju〉.
The lemma is proved.
To complete the proof of the proposition, set D = {J∗ ◦ T ∗∗i,p , i ≤
kp and p ≥ 1}. The set D is a countable subset of L(X
∗∗, ℓ1)1.
Now consider a free ultrafilter U of N. For each ω ∈ Ω, let T (ω) ∈
D
σ(L(X∗∗,ℓ1),X∗∗⊗̂pic0) be the weak*-limit along U of the sequence (J∗ ◦
T ∗∗i(p,ω),p)p∈N where i(p, ω) is the unique i ≤ kp so that ω ∈ Ωi,p. We now
have for a.e. ω ∈ Ω:
Z(ϕp, mn)(ω) =
∑
i≤kp
d(Ti,p ◦mn)(ω)
dλ
χ
Ωi,p(ω)
=
∑
i≤kp
J∗ ◦ T ∗∗i,p(ρ(mn)(ω))χΩi,p(ω)
= 〈J∗ ◦ T ∗∗i(p,ω), ρ(mn)(ω)
8 NARCISSE RANDRIANANTOANINA
and hence by taking the weak*-limit on p, we get
Z(ϕ,mn)(ω) = T (ω)(ρ(mn)(ω)) .
This completes the proof.
Remark 2.6. If X = Y ∗ is a dual space then ρ(mn)(ω) ∈ X for every
ω. The set D in the above proposition can be chosen as a subset of
L(X, ℓ1) and the map ω 7→ T (ω) ∈ D
σ(L(X,ℓ1),X⊗̂pic0) takes its values in
L(X, ℓ1)1.
3. Complemented copies of ℓ1 in M(Ω, X)
In this section we will provide a characterization of some sequences
in M(Ω, X) that generate complemented copies of ℓ1 generalizing the
characterization given in [12] for Bochner spaces. Specifically we will
study, for a sequence (mn)n in M(Ω, X), the weak convergence of the
sequence (mn ⊗ en)n≥1 in M(Ω, X)⊗̂πc0. For the rest of this section,
(Ω,Σ) is a measure space, λ a probability measure on (Ω,Σ) and ρ a
lifting of L∞(λ). For simplicity we will denote by
M∞(λ,X) = {m ∈M(Ω, X) , |m| ≤ λ} .
The following result is our main criterion for determining if a given
sequence inM(Ω, X) has a subsequence that generates a complemented
subspace equivalent to ℓ1.
Theorem 3.1. Let (mn)n be a sequence in M
∞(λ,X). Then there
exist a sequence Gn ∈ conv{mn, mn+1, . . . } and two measurable subsets
C and L of Ω with λ(C ∪ L) = 1 and such that:
(a) for ω ∈ C, (ρ(Gn)(ω)⊗ en)n≥1 is weakly Cauchy in X
∗∗⊗̂πc0;
(b) for ω ∈ L, (ρ(Gn)(ω) ⊗ en)n≥1 is equivalent to the unit vector
basis of ℓ1 in X
∗∗⊗̂πc0.
Proof. We will reduce the proof to the case of Bochner spaces treated
in [12] based on the approach used by Talagrand in the proof of The-
orem 13 of [19]. For what follows, we will identify (for a Banach E)
the space ℓ∞(E) to the space L(ℓ1, E): A sequence (xn)n in ℓ∞(E) is
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identified to the operator T ∈ L(ℓ1, E) defined by
T ((an)n) =
∞∑
n=1
anxn for every (an)n ∈ ℓ1 .
Let F be a separable Banach space. Consider (Un)n a countable basis
for the weak*-topology on L(F, ℓ1)1. As in [12], we denote by K the
set of all (weak*) compact sets of L(F, ℓ1)1 and we say that a map
ω 7→ K(ω) from Ω to K is measurable if for each n ∈ N, the set
{ω ∈ Ω, K(ω) ∩ Un 6= ∅} is measurable.
We are now ready to present the proof of theorem. Recall that
ρ(mn)(ω) ∈ X
∗∗ for every n ∈ N and ω ∈ Ω. Define for ω ∈ Ω,
K0(ω) = {(t(ρ(mn)(ω))n≥1 ; t ∈ L(E
∗∗, ℓ1)1} .
ClearlyK0(ω) is a subset of the unit ball of ℓ∞(ℓ1) and by the identifica-
tion above, we will view K0(ω) as a subset of L(ℓ1, ℓ1)1 so K0 : Ω→ K
and we claim that K0(·) is measurable. To see this for each k, j ∈ N
and ε > 0, let
Uk,j(ε) = {T ∈ L(ℓ1, ℓ1)1 , |〈Te
∗
k, ej〉| < ε} .
We get that
{ω : K0(ω) ∩ Uk,j(ε) 6= ∅} = {ω : ∃ T ∈ K0(ω) ∩ Uk,j(ε)}
= {ω : ∃ t ∈ L(X∗∗, ℓ1)1 ; |〈t(ρ(mk)(ω), ej〉| < ε} .
Let S = {S∗, S ∈ L(c0, X
∗)1} ⊆ L(X
∗∗, ℓ1)1. S is weak*-dense in
L(X∗∗, ℓ1)1 and
{ω : K0(ω) ∩ Uk,j(ε) 6= ∅} = {ω : ∃ t ∈ S , |〈t(ρ(mk)(ω)), ej〉| < ε}
= {ω : (ρ(mn)(ω))n≥1 ∈ Vk,j(ε)}
where the set Vk,j(ε) is defined by
Vk,j(ε) = {(αn)n ∈ X
∗∗N
1 ; ∃ t ∈ S , |〈t(αk), ej〉| < ε}
= {(αn)n ∈ X
∗∗N
1 ; S ∈ L(c0, X
∗)1 , |〈αk, Sej〉| < ε}
so Vk,j(ε) is an open subset of X
∗∗N
1 for the topology τ (product of
the weak*-topology of X∗∗1 ). Now since ω 7→ (ρ(mn)(ω))n≥1 is τ -Borel
measurable, the set {ω : K0(ω) ∩ Uk,j(ε) 6= ∅} is measurable and one
can conclude that K0(·) is measurable using the fact that (Uk,j(ε))k,j,ε
form a subbasis for the weak*-topology of L(ℓ1, ℓ1)1.
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Let fn(ω) = e
∗
n ∀ ω ∈ Ω. The sequence (fn(·))n ∈ L
∞(λ, ℓ1). We
can apply to the sequence (fn)n the construction used in the proof of
Theorem 1 of [12] starting from h0n = fn and K0(ω) as above. The
construction yields measurable subsets C and L with λ(C∪L) = 1 and
a sequence gn ∈ conv{fn, fn+1, . . . } such that for ω ∈ C, 〈t, gn(ω)⊗en〉
converges for every t ∈ K0(ω) and for ω ∈ L, there exists a, b ∈ R,
a < b such that for any finite sequence of zeroes and ones σ, there
exists t ∈ K0(ω) such that
σn = 1⇒ 〈t, gn(ω)⊗ en〉 ≥ b
σn = 0⇒ 〈t, gn(ω)⊗ en〉 ≤ a .
If gn =
∑qn
i=pn aifi with p1 ≤ q1 < p2 ≤ q2 · · · and
∑qn
i=pn ai = 1, the
sequence Gn =
∑qn
i=pn aimi satisfies the conclusion of the theorem.
Theorem 3.2. Let (mn)n be a sequence in M
∞(λ,X).
(a) If for a.e. ω ∈ Ω, the sequence (ρ(mn)(ω)⊗en)n is weakly Cauchy
in X∗∗⊗̂πc0 then (mn ⊗ en)n is weakly Cauchy in M(Ω, X)⊗̂πc0;
(b) If for a.e. ω ∈ Ω, the sequence (ρ(mn)(ω)⊗ en)n is weakly null
in X∗∗⊗̂πc0 then (mn ⊗ en)n≥1 is weakly null in M(Ω, X)⊗̂πc0.
(c) If there is L ⊂ Ω, λ(L) > 0 such that for ω ∈ L, there exists
k ∈ N such that the sequence (ρ(mn)(ω) ⊗ en)n≥k is equivalent to the
ℓ1-basis in X
∗∗⊗̂πc0 then there exists k ∈ N such that the sequence
(mn ⊗ en)n≥k is equivalent to the ℓ1-basis in M(Ω, X)⊗̂πc0.
Proof. To prove (a), let T ∈ L(M(Ω, X)ℓ1)1. By Proposition 2.4, there
exists a map ω 7→ T (ω)(Ω 7→ L(X∗∗, ℓ1)1) such that
Z(T,mn)(ω) = T (ω)(ρ(mn)(ω)) a.e. ∀ n ∈ N .
If for a.e. ω, (ρ(mn)(ω)⊗ en)n is weakly Cauchy in X
∗∗⊗̂πc0, then for
a.e. ω,
lim
n→∞
〈Z(T,mn)(ω), en〉 = lim
n→∞
〈T (ω)(ρ(mn)(ω)), en〉
exists for a.e. ω ∈ Ω and therefore
lim
n→∞
〈T,mn ⊗ en〉 = lim
n→∞
∫
Ω
〈Z(T,mn)(ω), en〉 dλ(ω)
exists. Hence (mn⊗en)n is weakly Cauchy inM(Ω, X)⊗̂πc0. The proof
of (b) follows by the same argument.
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Let us prove (c). Here we will adopt the proof of Theorem 15(c) of
[19]. For ω ∈ L and k ∈ N, let α(k, ω) be the best constant α such
that (ρ(mn)(ω)⊗ en)n≥k is α-equivalent to ℓ1. We have
α(k, ω) = Inf
{∥∥∥∥∑
n≥k
anρ(mn)(ω)⊗ en
∥∥∥∥/∑
n≥k
|an|
}
where the infimum is taken over all finite sequence of rationals. The
map α(k, ·) is measurable. Since limk→∞ α(k, ω) > 0 for all ω ∈ L,
there exists L′ ⊂ L, λ(L′) > 0 and k ∈ N such that (ρ(mn)(ω)⊗ en)n≥k
is α-equivalent to ℓ1 for each ω ∈ L
′.
Let P and Q be 2-disjoint finite subsets of [k,∞). For each ω ∈ L′,
there exists T (ω) ∈ L(X∗∗, ℓ1)1 such that
〈T (ω)(ρ(mq)(ω)), eq〉 > α/2 for q ∈ P
and
〈T (ω)(ρ(mq)(ω)), eq〉 < −α/2 for q ∈ Q .
Since P ∪Q is finite, and the set {S∗;S ∈ L(c0, X
∗)1} is weak*-dense
in L(X∗∗, ℓ1)1, the operator T (ω) above can be chosen in such a way
that T (ω) = S(ω)∗ where S(ω) ∈ L(c0, X
∗)1. Define
U(ω) = {ω′ ∈ L′, 〈T (ω)(ρ(mq)(ω
′)), eq〉 > α/2, q ∈ P
and 〈T (ω), (ρ(mq)(ω
′)), eq〉 < −α/2, q ∈ Q }
= {ω′ ∈ L′, 〈ρ(mq)(ω
′), S(ω)eq〉 > α/2, q ∈ P
and 〈ρ(mq)(ω
′), S(ω)eq〉 < −α/2, q ∈ Q } .
We notice as in [19] that U(ω) ⊂ ρ(U(ω)) and since ω ∈ U(ω),
ρ(U(ω)) 6= ∅ and hence λ(U(ω)) > 0. Let D be a countable subset
of L′ such that λ(
⋃
ω∈D U(ω)) is maximal (among the possible choices
of D). Then λ(L′ \
⋃
ω∈D U(ω)) = 0, so we can choose ω1, . . . , ωn ∈ L
′
such that
λ
(⋃
i≤n
U(ωi)
)
≥ λ(L′)/2 .
Let Ωi = U(ωi) \
⋃
ℓ<i U(ωℓ), Ω1, . . . ,Ωn is a measurable partition of⋃
i≤nΩi. We define T ∈ L(M(Ω, X), ℓ1) by
T (m) =
∑
i≤n
T (ωi)(m(Ωi)) ∀ m ∈M(Ω, X) .
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The operator T is well defined and ‖T‖ ≤ 1. Moreover for
q ∈ P ⇒ 〈T (mq), eq〉 >
α
4
λ(L′)
q ∈ Q ⇒ 〈T (mq), eq〉 > −
α
4
λ(L′).
In fact for every q ∈ P ,
〈T (mq), eq〉 =
∑
i≤n
〈T (ωi)(mq(Ωi)), eq〉
=
∑
i≤n
〈weak* −
∫
Ωi
ρ(mq)(ω) dλ, (ω), S(ωi)eq〉
=
∑
i≤n
∫
Ωi
〈ρ(mq)(ω), S(ωi)eq〉 dλ(ω)
>
∑
i≤n
λ(Ωi)
α
2
>
α
4
λ(L′) .
The same estimate is valid for q ∈ Q.
It follows from Rosenthal’s argument in [15] (see also [3] p.205) that
(mn⊗en)n≥k is
α
4
λ(L′)-equivalent to the ℓ1-basis inM(Ω, X)⊗̂πc0. The
theorem is proved.
Remark 3.3. If the Banach space X is a dual space, then Theorem
3.1 and Theorem 3.2 are still valid with X∗∗⊗̂πc0 replaced by X⊗̂πc0.
The proofs for this case are just notational adjustments of the proofs
given here for Theorem 3.1 and Theorem 3.2 respectively.
4. Pe lczyn´ski’s property (V*) for M(Ω, X)
Definition 4.1. Let E be a Banach space. A series
∑∞
n=1 xn in E is
said to be a Weakly Unconditional Cauchy (W.U.C.) if for every x∗ in
E∗, the series
∑∞
n=1 |x
∗(xn)| is convergent.
There are many criteria for a series to be a W.U.C. series (see for
instance [3] or [20]). The following definition introduced by Pe lczyn´ski
in [10] isolates the class of spaces that we would like to study in this
section.
Definition 4.2. A Banach space E is said to have property (V*) if a
subsetK ofE is relatively weakly compact whenever limn→∞ supx∈K |x(x
∗
n)| =
0 for every W.U.C. series
∑∞
n=1 x
∗
n in E
∗.
COMPLEMENTED COPIES OF ℓ1 13
Definition 4.3. A subset K of a Banach space E is called a (V*)-
set if for every W.U.C. series
∑∞
n=1 x
∗
n in E
∗, the following holds:
limn→∞ supx∈K |x(x
∗
n)| = 0.
Hence a Banach space E has property (V*) if and only if every (V*)-
set in E is relatively weakly compact.
The notion of (V*)-set was introduced and studied by Bombal in [1].
He proved ( see [1] Proposition 1.1) that a subset K of a Banach space
is a (V*)-set if and only if for every operator T ∈ L(E, ℓ1), T (K) is
relatively compact in ℓ1. Using the fact that L(E, ℓ1) ≈ (E⊗̂πc0)
∗, the
following lemma is immediate
Lemma 4.4. A subset K of a Banach space E is a (V*) subset if and
only if for every sequence (xn)n in K, the sequence (xn⊗en)n is weakly
null in E⊗̂πc0.
Property (V*) has been considered by several authors. We refer
to [1], [5], [6], [8], [11] and [13] for more additional information on
property (V*). Perhaps the most appealing fact about property (V*)
is its connection with complemented copy of ℓ1. ¿From a result of
Emmanuele [5] (see also [6]), the following simple characterization can
be deduced.
Proposition 4.5. A Banach space E has property (V*) if and only if
E is weakly sequentially complete and every sequence that is equivalent
to the unit vector basis of ℓ1 in E has a subsequence equivalent to a
complemented copy of ℓ1.
The most notable examples of Banach spaces with property (V*)
are L1-spaces. It was shown in [12] that Bochner spaces L1(λ,X) has
property (V*) whenever X does. In this section, we will study the
property (V*) for the space M(Ω, X). Since M(Ω) is an L1-space, it
has property (V*) and it is a natural question to address if M(Ω, X)
has property (V*) whenever X does. It was shown in [19] that if X
is a weakly sequentially complete dual space, then M(Ω, X) is weakly
sequentially complete. A counterexample by Talagrand in [18] reveals
that there exists a Banach lattice X with property (V*) with M(Ω, X)
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containing c0. The following theorem can be viewed as a common
generalization of Theorem 2 of [12] and Theorem 17 of [19].
Theorem 4.6. Let X = Y ∗ be a dual space. The space M(Ω, X) has
property (V*) if and only if X does.
Proof. We will prove the non-trivial implication. Let K ⊂ M(Ω, X)1
be a (V*)-set. The set K does not contain any sequence that generates
a complemented copy of ℓ1.
Notice that the space M(Ω, X) = M(Ω, Y ∗) is isometrically isomor-
phic to C(Ω, Y )∗ and therefore M(Ω, Y ∗)⊗̂πc0 can be identified to the
space N(C(Ω, Y ), c0).
The following lemma will be used.
Lemma 4.7. Let Y be a Banach space and (y∗n)n a bounded sequence
in Y ∗. Assume that:
(i) (y∗n ⊗ en)n≥1 is weakly Cauchy in Y
∗⊗̂πc0;
(ii) There exists a convex combination of (y∗n⊗en)n≥1 say (
∑qn
i=pn αiy
∗
i⊗
ei)n≥1 such that
lim
n→∞
∥∥∥∥ qn∑
i=pn
αiy
∗
i ⊗ ei
∥∥∥∥
I(Y,ℓ∞)
= 0
then (y∗n ⊗ en)n≥1 is weakly null in Y
∗⊗̂πc0.
To see the lemma, let u be an element of Y ∗⊗̂πc0; u can be viewed
as an operator from Y into c0. If u is of the form u =
∑qn
i=pn αiy
∗
i ⊗ ei
then we claim that
‖u‖Y ∗⊗̂pic0 = ‖u‖I(Y,ℓ∞) .
To see this notice that (Y ∗⊗̂πc0)
∗ = L(Y ∗, ℓ1) and I(Y, ℓ∞) is a dual
space with predual Y ⊗̂εℓ1 ≈ Kw∗(Y
∗, ℓ1) the space of weak* to weakly
continuous compact operators from Y ∗ into ℓ1.
Let ε > 0, the space S = {S∗, S ∈ L(c0, Y )1} is weak*-dense in
L(Y ∗, ℓ1)1 so it is norming. There exits S ∈ L(c0, Y ), ‖S‖ = 1 such
that
‖u‖Y ∗⊗̂pic0 − ε ≤ 〈u, S
∗〉 =
qn∑
i=pn
αi〈y
∗
i , Sei〉 ;
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define K : c0 → Y by Kei = Sei for i ∈ [pn, qn] and Kei = 0 otherwise.
The operator K is clearly bounded with ‖K‖ ≤ ‖S‖ ≤ 1. Moreover
the operator K∗ ∈ Kw∗(Y
∗, ℓ1) and 〈u, S
∗〉 = 〈u,K∗〉 ≤ ‖u‖I(Y,ℓ∞) so
‖u‖Y ∗⊗̂pic0 ≤ ‖u‖I(Y,ℓ∞) + ε and since ε is arbitrary, the claim follows.
We finish the proof of the lemma by noticing that the sequence (y∗n⊗
en)n is weakly Cauchy and 0 is a weak-cluster point of (y
∗
n ⊗ en)n so
(y∗n ⊗ en)n is weakly null. The lemma is proved.
We are now ready to proceed for the theorem. Without loss of gen-
erality we can assume that there exists a probability measure λ on
(Ω,Σ) such that |m| ≤ λ for every m ∈ K. Let (mn)n be a sequence in
K. Since K is a (V*)-set, for any sequence Gn ∈ conv{mn, mn+1, . . . },
Lemma 4.4 implies that (Gn ⊗ en)n is weakly null in M(Ω, Y
∗)⊗̂πc0.
Applying Theorem 3.1 to the sequence (mn)n, there exist a sequence
Gn ∈ conv{mn, mn+1, . . . }, measurable subsets C and L of Ω with
λ(C ∪ L) = 1 and such that:
(a) for ω ∈ C, (ρ(Gn)(ω)⊗ en)n≥1 is weakly Cauchy in Y
∗⊗̂πc0;
(b) for ω ∈ L, (ρ(Gn)(ω)⊗ en)n≥1 is equivalent to ℓ1 in Y
∗⊗̂πc0.
But since (Gn ⊗ en)n is weakly null in M(Ω, Y
∗)⊗̂πc0, we conclude
from Theorem 3.2(c) that λ(L) = 0 so for a.e. ω, the sequence (ρ(Gn)(ω)⊗
en)n≥1 is weakly Cauchy in Y
∗⊗̂πc0.
On the other hand, the space M(Ω, Y ∗)⊗̂πc0 can be identified to
N(C(Ω, Y ), c0). Let J be the canonical injection of N(C(Ω, Y ), c0) into
I(C(Ω, Y ), ℓ∞). The space I(C(Ω, Y ), ℓ∞) is isometrically isomorphic
to I(C(Ω), I(Y, ℓ∞)) (see Theorem 3 of [17]) which is also isometrically
isomorphic to M(Ω, I(Y, ℓ∞)). Let us denote by θ : I(C(Ω, Y ), ℓ∞) →
M(Ω, I(Y, ℓ∞)) the isomorphism.
Lemma 4.8. Let G be a measure in M(Ω, Y ∗) and e ∈ c0. If we
denote by Ĝ the measure in M(Ω, I(Y, ℓ∞)) given by Ĝ = θ ◦ J(G⊗ e)
then
ρ(Ĝ)(ω) = ρ(G)(ω)⊗ e a.e.
To see this let f ∈ C(Ω) and y ∈ Y
〈Ĝ, f〉(y) = 〈Ĝ, f ⊗ y〉
= 〈G⊗ e, f ⊗ y〉
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=
∫
Ω
f(ω)〈ρ(G)(ω), y〉e dλ(ω)
and by the definition of ρ(Ĝ),
〈Ĝ, f ⊗ y〉 =
∫
Ω
f(ω)ρ(Ĝ)(ω)(y) dλ(ω).
So we conclude that for each y ∈ Y ,
ρ(Ĝ)(ω)(y) = (ρ(G)(ω)⊗ e)(y) a.e.
and the lemma follows.
To conclude the proof of the theorem, recall that (Gn⊗en)n is weakly
null in the space M(Ω, Y ∗)⊗̂πc0. ¿From the identification above, if
we denote by Ĝn = θ ◦ J(Gn ⊗ en) then (Ĝn)n is weakly null in
M(Ω, I(Y, ℓ∞)). Using Theorem 16 of [19], we can find p1 < q1 <
p2 < q2 · · · pn < qn and sequences (αi,k), with
∑qn
i=pn αi,n = 1 for all
n ∈ N such that for a.e. ω ∈ Ω,
lim
n→∞
∥∥∥∥ qn∑
i=pn
αi,nρ(Ĝi)(ω)
∥∥∥∥
I(Y,ℓ∞)
= 0.
But ρ(Ĝi)(ω) = ρ(Gi)(ω) ⊗ ei so applying Lemma 4.7, (ρ(Gn)(ω) ⊗
en)n≥1 is weakly null in Y
∗⊗̂πc0 for a.e. ω, and we can deduce from
Lemma 4.4 that {ρ(Gn)(ω), n ≥ 1} is a V*-set in Y
∗ and since Y ∗
has property (V*), {ρ(Gn)(ω), n ≥ 1} is relatively weakly compact in
Y ∗ (for a.e. ω). Hence by Theorem 1 of [14], K is relatively weakly
compact. The proof is complete.
5. Complemented copies of ℓ1 in ℓ∞(X)
In this section, we will apply Section 2 and Section 3 to investigate
the following question: when does ℓ∞(X) contain a complemented copy
of ℓ1? A closely related question was raised in [16] p.389 (see also
[9] Problem 1). The expected answer would be that X contains a
complemented copy of ℓ1. But this is not the case since the space
X = (
⊕
n ℓ
n
1 )c0 does not contain any copy of ℓ1 but ℓ∞(X) ≈ (
⊕
n ℓ
n
1)ℓ∞
contains a complemented copy of ℓ1. Diaz [2] has found an interesting
result in this direction using local theory. Following [2], we will use the
following definition:
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Definition 5.1. Let 1 ≤ p ≤ ∞. A Banach space X is said to be
an Sp-space or that it contains all ℓ
n
p uniformly complemented or it
contains a complemented local copy of ℓp if there is some constant
C ≥ 1 such that for every n ∈ N there exist operator Jn ∈ L(ℓ
n
p , X)
and Pn ∈ L(X, ℓ
n
p ) such that PnJn = idℓnp and ‖Pn‖ · ‖Jn‖ ≤ C.
We notice that a Banach space X is an Sp-space if and only if its
dual is an Sp′-space (1/p+ 1/p
′ = 1). As a result a Banach space X is
an Sp-space if and only if X
∗∗ is an Sp-space.
For the following theorem, (Ω,Σ, λ) is a finite measure space.
Theorem 5.2. Let X be a Banach space. The following statements
are equivalent.
1. L∞(λ,X) contains a complemented copy of ℓ1;
2. ℓ∞(X) contains a complemented copy of ℓ1;
3. c0(X) contains all ℓ
n
1 uniformly complemented;
4. X contains all ℓn1 uniformly complemented.
This theorem was proved in [2] under the assumption that X is a
Banach lattice. It should be noted that in the proof given in [2], the
lattice assumption was used only to show that (2) ⇒ (3). So we will
present here the implication (2) ⇒ (3) and we refer to [2] Theorem 1
for the other implications. We will divide the proof into two parts.
Proposition 5.3. Let (Ω,Σ, λ) be a finite measure space and E be a
Banach space. Let (mn)n be a bounded sequence in M
∞(λ,E). If E∗∗
does not contain any complemented copy of ℓ1 then the sequence (mn)n
does not have any subsequence that generates a complemented copy of
ℓ1 in M(Ω, E).
Proof. To prove that (mn)n does not contain any subsequence equiv-
alent to complemented copy of ℓ1, it is enough to show that for every
operator T ∈ L(M(Ω, E), ℓ1), {T (mn), n ≥ 1} is relatively compact in
ℓ1. To see this let T ∈ L(M(Ω, E), ℓ1)1 and ρ be a lifting of L
∞(λ). By
Proposition 2.4, there exists a map ω 7→ T (ω)(Ω → L(E∗∗, ℓ1))1 such
that
Z(T,mn)(ω) = T (ω)(ρ(mn)(ω)) a.e.
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where Z(·, mn) is the notation introduced in Section 2.
Recall that T (mn) =
∫
Ω Z(T,mn)(ω) dλ(ω). Since E
∗∗ does not con-
tain any complemented copy of ℓ1, the operators T (ω)’s are compact
for every ω ∈ Ω and therefore {T (ω)(ρ(mn)(ω)), n ≥ 1} is compact
for a.e. ω. By U¨lger’s criteria of weak-compactness in Bochner spaces,
{T (·)(ρ(mn)(·)), n ≥ 1} is relatively weakly compact in L
1(λ, ℓ1) and
hence there exists subsequence (mnk) of (mn)n such that
T (mnk) =
∫
Ω
T (ω)(ρ(mnk)(ω)) dλ(ω)
converges weakly in ℓ1. The proof is complete.
For the next proposition, we consider Ω = [0, 1], Σ is the σ-algebra
of the Borel subsets of [0, 1] and λ the Lebesgue measure.
Proposition 5.4. Let X be a Banach space and let us assume that
there exists a bounded sequence (ak)k∈N in ℓ∞(X) that generates a com-
plemented copy of ℓ1 in ℓ∞(X) then there exists a sequence (mk)k in
M([0, 1], c0(X)) with mk ∈ M
∞(λ, c0(X)) for every k ∈ N and the se-
quence (mk)k is equivalent to a complemented copy of ℓ1 inM([0, 1], c0(X)).
Proof. Let (ak)k∈N be a sequence that is equivalent to a complemented
copy of ℓ1 in ℓ∞(X). There exists a bounded operator S from ℓ∞(X)
onto ℓ1 with S(ak) = e
∗
k ∀ k ∈ N. Let (rn)n≥1 be the sequence of
Rademacher functions. For each k ∈ N, we define
mk(A) =
(∫
A
rn(t)ak(n) dt
)
n≥1
where ak(n) denotes the n
th projection of ak ∈ ℓ∞(X) into X .
For each n ∈ N, mk(A)(n) =
∫
A rn(t)ak(n) dt belongs to X and
‖mk(A)(n)‖ =
∣∣∣∣ ∫
A
rn(t) dt
∣∣∣∣ ‖ak(n)‖
and since (rn)n is weakly null in L
1[0, 1] (see for instance [3]), lim
n→∞
‖mk(A)(n)‖ =
0. So mk is indeed a measure in M([0, 1], c0(X)). Moreover for every
measurable subset A of [0, 1], ‖mk(A)‖c0(X) ≤ supk ‖ak‖.λ(A) so the
sequence (mk)k is bounded and is in M
∞(λ, c0(X)).
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For any measure m ∈ M([0, 1], c0(X)), we will denote by m
(n) the
measure in M([0, 1], X) given by m(n)(A) = m(A)(n) (the nth projec-
tion of m(A) onto X). The measure m(n) is well defined for every
n ∈ N.
If |m| ≪ λ, then |m(n)| ≪ λ for every n ∈ N and we will denote
by ρ(m(n)) : [0, 1] → X∗∗ a weak*-density of m(n) with respect to the
Lebesgue measure λ. In this case
m(n)(A) = weak* −
∫
A
ρ(m(n))(t) dt ∈ X
for every A ∈ Σ. Since rn is a simple function on [0, 1], we conclude
that
weak* −
∫
A
ρ(m(n))(t)rn(t) dt ∈ X
for every n ∈ N and A ∈ Σ so the measure [m] : Σ → ℓ∞(X) defined
by
[m](A) =
(
weak* −
∫
A
ρ(m(n))(t)rn(t) dt
)
n≥1
is well defined and satisfies
‖[m](A)‖ℓ∞(X) ≤ ‖m(A)‖c0(X) .
Define T : Mλ([0, 1], c0(X))→ M([0, 1], ℓ
∞(X)) by
T (m) = [m] ∀ m ∈Mλ([0, 1], c0(X)) .
(HereMλ([0, 1], c0(X)) denotes the subset ofM([0, 1], c0(X)) of all mea-
sures that are absolutely continuous with respect to λ.) The operator T
is clearly linear and ‖T‖ ≤ 1. For the operator S : ℓ∞(X)→ ℓ1 defined
above, we consider Ŝ : M([0, 1], ℓ∞(X))→ ℓ1 by Ŝ(m) = S(m([0, 1])).
Claim: For all k ∈ N, Ŝ ◦ T (mk) = e
∗
k.
To see the claim, notice that since
mk(A) =
(∫
A
rn(t)ak(n) dt
)
n≥1
,
m
(n)
k (A) = Bochner
∫
A
rn(t)ak(n) dt .
So
T (mk)(A) = [mk](A) =
(
λ(A)ak(n)
)
n≥1
= λ(A)ak .
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Hence Ŝ ◦ T (mk) = S(ak) = e
∗
k ∀k ∈ N. This shows that (mk)k≥1
contains a subsequence equivalent to the ℓ1-basis in Mλ([0, 1], c0(X))
and since Mλ([0, 1], c0(X)) is complemented in M([0, 1], c0(X)) (see
Theorem I.9 of [4]), the proof of the proposition is complete.
To prove the theorem, assume that ℓ∞(X) contains a complemented
copy of ℓ1, then from Proposition 5.4 there exists a bounded sequence
(mk)k inM
∞(λ, c0(X)) that is equivalent to a complemented copy of ℓ1
in M([0, 1], c0(X)) and this implies from Proposition 5.3 that c0(X)
∗∗
contains a complemented copy of ℓ1 so c0(X)
∗∗ is an S1-space and this
is equivalent to c0(X) is an S1-space. This completes the proof of the
theorem.
Corollary 5.5. If X is a super-reflexive space then ℓ∞(X) does not
contain any complemented copy of ℓ1.
As it was noticed in [2], the space X = (⊕nℓ
n
1 )ℓ2 is a reflexive space
but L∞([0, 1], X) and ℓ∞(X) contain complemented copies of ℓ1.
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